Abstract. We derive error estimates for a fully discrete scheme for the numerical solution of the neutron transport equation in two-dimensional Cartesian geometry obtained by using a special quadrature rule for the angular variable and the discontinuous Galerkin finite element method with piecewise linear trial function for the space variable.
Introduction. The purpose of this paper is to establish error estimates for a fully discrete method for the numerical solution of the neutron transport equation in two-dimensional Cartesian geometry. We use a special quadrature rule for the angular variable, where integration is replaced by a numerical quadrature rule involving a weighted sum over functional values at selected directions, and we apply the discontinuous Galerkin finite element method for the spatial variable.
The stationary one-velocity processes of neutron transport in a substance surrounded by vacuum can be represented by the following integro-differential equation: Given the distributed source density f and the coefficients a and tr, find u u(x, Ix) such that for Ix e $2:
Ix" Vu(x, ix)+a(x)u(x, ix)= ftr(x, ix, ix')u(x, ix') dix'+ f(x, ix) forxl, (0.1) u(x, a) =0 forxr, where tr is the transfer kernel describing the distribution of particles arising from scattering, fission and capturing events and a is the total cross-section. Further . n(x) < 0}, where n(x) is the outward unit normal to F at x F, and finally the unknown function u u(x, Ix) is the density at x of particles moving in the direction Ix. The neutron transport problem was studied analytically by e.g. Davison [3] and Vladimirov [ 14] . Numerical treatments of the problem have been restricted to separate error estimates for either angular or spatial discretizations. Angular discretizations for a two-dimensional problem were studied by e.g. Nelson and Victory [9] using the Nystr/Sm discrete ordinates method. Spatial discretizations in a two-dimensional case for one single direction were studied by e.g. Lesaint and Raviart [6] using the discontinuous Galerkin finite element method.
MOHAMMAD ASADZADEH
An analysis of a fully discrete scheme with combined spatial and angular discretizations for slab geometry (one-dimensional spatial and angular variables) was recently done by PitkSranta and Scott 11 ] . In a two-dimensional case, with the angular variable varying on the unit circle i.e., a case where x lcR 2 and IX S {IX R2:I1 1}, a fully discrete scheme for a model problem was analyzed by Johnson and Pitkiranta [5] .
In the present text we extend the analysis of [5] to the case of a homogeneous infinite cylindrical domain in R3. Because of the translational invariance, the relevant spatial domain is again two-dimensional, namely the cross-section of the cylinder;
however, the relevant angular domain is now the unit disc in R2, i.e., the projection of the surface of the unit sphere in 3 onto the plane of the cross-section of the cylinder. Thus, in the model problem to be considered we will have x f c R2 and Ix D <--1}.
The plan of the paper is as follows: In 1 we present the model problem and show that this problem can also be formulated as a Fredholm integral equation of the second kind for the scalar flux. In 2 we introduce notations, assumptions and some previous results which will be used frequently. In 3 we study a quadrature approximation of weighted integrals for a class of functions relevant to our purpose and derive some quadrature error estimates. Section 4 is devoted to a semidiscrete problem with angular discretization. The results of this section are essential tools in the proofs of error estimates. In 5 we study the fully discrete scheme and state our main result: Let us assume that the system described by (1.5) is subcritical, that is 0 -< A < l/A, where A is the largest eigenvalue of T. Then (I-AT) is invertible and (I-A T)-l: L2(--> L2(' is a continuous linear mapping. This implies that:
(i) For a given fe L_(12), the problem (I-AT)U= Tf has a unique solution.
(ii) There exists a constant C > 0 such that (1.10)
II(I-XT)vll >-Cllvll
where I1" denotes the L(a)norm.
From now on the letter C will denote various constants not necessarily the same at each occurrence.
2. Notation and preliminaries. In this section we define some function spaces, introduce discrete analogues of (1.5) and finally we state some results which we shall refer to below. We can now state the following discrete analogues of (1.5). The semidiscrete problem. Our main concern will be the fully discrete problem (2.8) and our main results are estimates of the error in scalar flux U-Uh,. To prove these estimates the main step will be to prove that under certain assumptions on the quadrature rule (2.3) and on the relation between n and h, (I-hTh,) We shall also use the following propositions, the first of which is due to Anselone [2] . For the second and third propositions we refer to Johnson and Pitk5ranta [5] and [4] , respectively. Ix.n Ix.n where n-(hi, n2) is the outward unit normal to F at . Squaring (4.5) and integrating over f, using the facts that dx2-Ix" n/lIxl ds on F, IIx" nl->-e2 and Proposition 2. We shall then choose e and h related to n in such a way that hA(e, n)--> 0 and B(e, n)-O as n-, and (5.1) will follow.
To prove (5.2) for 3,_-> e, let us first note that by an orthogonal coordinate transformation we may assume that/z (/Xl, 0). If we reformulate the discrete problem (2.4) The proof is the same as that of [5, Lemma 5.1] , except that the inequality Ilfllo,--< Ch-*/llgll in [5] , here is replaced by Ilfllo, <-Cr-lh-/"llgll. (1, (3'(,u., ,) )-3/hl/8-")llgll. 6. An error estimate. In this section we prove an error estimate for the scalar flux U. We shall use the following splitting: Proof of eorem 6.1. We have by (1.5) and (2.8) h (I A T)( U-U) (T-L)(A U +f)+ (T. T)(A U +f) e. + e. with the obvious notation. By Lemma 4.3 with g A U +f we have (6.2) lie.I[ II(T-L)(AU+f)II C /(ll ull, + ilflll).
To estimate e we use the splitting (6.1), (2.10a) (6.8) ,l:
c.
The inequalities (6.6)-(6.8) now yield the proof of Lernrna 6.1. r3
